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We report a concept of thermoelectric devices, cooperative spin caloritronics device (CSCD),

where cooperation between two or more energy channels such as spin, charge and heat currents can

significantly enhance energy efficiency of spin caloritronic devices. We derive the figure of merit and

the maximum efficiency due to cooperative effect in analytic forms for a CSCD. Cooperative effects

significantly improve the figure of merit and the maximum efficiency in spin caloritronic systems

with multiple couplings effects. Several examples of CSCDs, including electrical and thermal current

induced DW motion, spin-thermoelectric power generator and spin-thermoelectric cooling/heating,

are studied to illustrate the usefulness of the cooperative effect. We compare the efficiency of CSCD

with several recently proposed spin caloritronic devices. Our scheme provides a novel route to seek

high performance materials and structures for future spin caloritronic devices.

I. INTRODUCTION

In the past few years, manipulation of magnetization
and magnetic textures such as domain walls (DW) and
skyrmions in ferromagnetic (FM) nanostructures has at-
tracted a lot of attention because of fundamental inter-
est and potential impacts on data storage devices and

15 TInterplay between electronic spin,

logic operations
charge, and magnetization offers a promising physical
mechanism for such manipulation®. Especially, current-

induced DW motion” '* or skyrmions'® 17

along highly
conducting magnetic nanowires promises the develop-
ment of novel spintronic devices with high density, perfor-
mance and endurance at a very low cost per bit, such as
racetrack memory*. However, extensive experimental®!®

17710 studies have shown that the critical

and theoretica
current density to drive the motion of the conventional
magnetic DW in FM nanostructures is on the order of
105 — 108 Acm?.

information processing scheme becomes a serious issue

Joule heating in such a high density

because of the large current density which is necessary

to overcome the pinning.

Recently it was proposed theoretically and verified
experimentally that heat current can also serve as
an efficient way to drive the motion of DW' 24 and
skyrmions?>26. It may be possible to exploit waste Joule
heat to assist current-driven magnetic patterns motion

for information processing. Alongside with electrical cur-

rent and spin current, heat can be conducted to desig-
nated regions to achieve DW manipulation effectively.
Such realizations lead to prosperous researches on spin

27729 " an emerging field to study the interac-

caloritronics
tion between spin, charge and heat currents, and magne-
tization in magnetic materials and structures. Pioneer-
ing researches have uncovered abundant physical mech-
anisms, such as electron-magnon, phonon-magnon, and
charge-spin couplings that explain the versatile phenom-

30-33 " Those couplings

ena in spin caloritronics systems
provide new ways to manipulate magnetic textures for in-
formation storage and processing. However, as for the sit-
uation of current-induced DW motion, energy efficiency
in those couplings are still very low, which is one of the
main challenges for spin-caloritronic applications?4 4.
In this work, we propose a novel concept of cooper-
ative spin caloritronics device (CSCD) where coopera-
tion between two or more energy channels can signifi-
cantly enhance energy efficiency of spin caloritronic de-
vices. Theoretical foundation of such cooperative effects
is established in Ref. [41] based on Onsager’s theory of ir-
reversible thermodynamics. A typical CSCD can be DW
motion driven by coexisting electrical and heat currents.
We show that cooperation between electrical and ther-
mal currents induced DW motion can greatly improve
the energy efficiency, surpassing the maximum achiev-
able efficiency for DW motion induced solely by elec-

trical or thermal current. Other CSCDs include spin-



thermoelectric power generator and spin-thermoelectric
cooling /heating. Our scheme provides a new route to
significantly enhance energy efficiency and hence consid-
erably reduce Joule heating for future advanced magnetic

information storage and information processing.

II. BASIC THEORETICAL FRAMEWORK

Onsager’s theory of irreversible thermodynamics es-
tablishes a general form to study nonequilibrium phe-
nomena in thermodynamic systems*?>**. Like in classi-
cal systems with balanced friction and driving forces and
moving in constant velocity, thermodynamic systems un-
der external forces derives motions (”currents”) at steady
states. The relation between the forces F and currents

T is generally written as* 48,

j: M]_:: or Jy = ZMnk]:ka (1)
k

where the index n(k) numerates all currents (forces), and
M is called the Onsager matrix. When the forces are not
too strong, the dependence of M on the forces can be
ignored. Cross-correlated responses (e.g., thermoelectric
effect) allow conversion from the input energy to the out-
put energy (e.g., thermal to electrical energy conversion).
In general, a thermodynamic machine realizes its func-
tion via consuming the input energy and converting this
energy into the output work/energy to achieve certain
functionalities. According to the theory of irreversible
thermodynamics 4349 there are an equal number of
forces and currents.

An important aspect of the performance of a machine
is its energy efficiency. High energy-efficiency machine
is demanded for future society not only to reduce en-
ergy cost, but also because damage of materials can be
reduced if heating due to irreversible dissipation is re-
duced. It is hence crucial to improve the energy efficiency
of functional materials and machines made of these ma-
terials. In practical applications, the first target is to
find out the optimal energy efficiency and the condition
that realizes the optimal energy efficiency for the func-

48,50-60 A general theory was

tional materials/systems
developed to fulfill this target for thermodynamic sys-
tems with arbitrary Onsager matrix (that may describe
complex responses to multiple forces).

Each force F,, has a conjugated current .7, such that

the reduction of total Gibbs free energy is given by

_-Atot = TStot = Zjn]:n (2)

The reduction of the free energy —A,, = J,F, is associ-
ated with the current 7, and the force F,,. Hence, the

input and output free energy are

Am:Zjn]:na Aout: ij}-k (3)

nel keO

respectively. The symbols I and O in the above refer
to the free energy input and output, respectively. The
output free energy is also the output work, ie., W =

Aout. For .Am > 0 the second-law energy efficiency is

6= _2keo TnFk _ Ain = TS0t

Znel jn‘/..." Ain

<100%  (4)

Only in the reversible limit, S — 0, the above energy
efficiency ¢ goes to its upper bound, 100%.

III. MAXIMUM ENERGY EFFICIENCY AND
FIGURE OF MERIT

The maximum energy efficiency is obtained by solving

the differential equation:
Oz 6 =0, Vh (5)

The current-force relation can be written in a compact

jio _ J\A{oo ]\A{OI ]io (6)
Jr Mo My Fr ]’

The second-law energy efficiency is then given by

form as

F&Jo
o=-To%0 )
f[ jI
where the symbols O and I are used to abbreviate the
indices of forces and currents for energy output and input
respectively, and the superscript T stands for transpose

of matrix and vector. From Egs. (5), (6), and (7),
8_73‘0 Aout = ¢max(aj:‘oAin) (8)
which gives

~ _1+¢max

Fo = > Mgéf\}foﬂ?[ 9)



where ¢nax is the maximal energy efficiency. Maé is
well-defined as Moo is a positive matrix. Inserting this
into Eq. (6), we obtain

i(l + (bmax)

Pmax = T 1+ bmax \ (10)
1 — —FGmax )
where A = max(A) and (A) = g7 Ag. Here 7 is a normal-
ized vector (i.e., GTg=1) Wthh is defined as
g=M{*Fi )\ FF M Fr. (11)
Here
< 1/2 1/2
A = NN o NG, N M2 (12)

The inverse square root of the matrix M 77 is well de-

Eq. (10
a quadratic equation, which can be solved analytically.

fined since My is a positive matrix. ) is now

The physical solution with ¢ < 1 is

7V€+M &= L (13)
VEFT+T DY

where ¢ is the figure of merit and A is termed as the

We denote the matrix A as the

. At the final stage, F or the normal-

¢max =

”degree of coupling”.
” coupling matrix”
ized vector g is tuned to maximize (A). The maximum

value of (A) is the largest eigenvalue of the matrix A, i.e.,
A = largest eigenvalue of A. (14)

It is proven in Ref. [41] that A < 1 as bounded by the
second law of thermodynamics. The limit A — 1 can be
reached only in the reversible limit where the determi-
nant of the Onsager matrix goes to zero.

For the same thermoelectric energy conversion device,
which can function as a heat engine or a refrigerator, the
figure of merit for the heat engine is the same as that
for the refrigerator. This is because those two machines
are related by reversed functions: the heat engine con-
verts heat into electricity, whereas the refrigerator use the
electricity to do cooling. This example can lead to quite
general observations: a machine can function normally or
reversed, leading to switched input and output. In the
linear-response regime, one would expect that the largest
1/2M10M5(1)M01Mﬂ1/2
as the largest eigenvalue of Mﬁl/QMloMgéMOIMI_Il/Q
which has been proved in Ref. [41].

When the inverse of the Onsager matrix M~

eigenvalue of M,; is the same

is readily
available, the maximal efficiency can be obtained by dif-

ferentiating over the currents as well, i.e., 5,¢ =0, Vk.

This approach gives the same results as in the above
derivation but with M replaced by M~!
response is now described by F=M17.

, since the linear-

There are also other ways to express the fig-
ure of merit.  For instance, we find that (1 —
A=Y = NPV 1M ]? because (MY = (M, —
MIOMgéMOI)_l. We then obtain that

& + 1 = largest eigenvalue of M}I/Q(M_l)HM}I/Z. (15)

Similarly, one can prove that ¢ + 1 =
largest eigenvalue of Mé/(; (M~Yo0 Mé/g.

For systems with a single input (or output) channel
(denoted as k), the above various expressions all give the

same result as

Myrmpg

E+1=My(M V) = dot (1)

(16)

M) are the (k, k)-minor and the de-
terminant of the Onsager matrix M, respectively. For

where my;, and det(

example, for systems of which the current-force relation

is described by the following 3 x 3 symmetric Onsager

matrix6162
My Myy M3
M= | My My Mo |. (17)
Mz Moz M3z3
if Kk = 1, then my; = MyMs3 — M3, and
det(M) = My Moo Msz — M2 Moo — M3, M1y — M7, Mss+

2M15M13Ms3. A neat way to express the results is to in-
troduce the following dimensionless parameters

qij = 7Mﬁij.

(18)

The above coefficient represents the degree of coupling

th

for energy conversion*! between the i~*" channel and

the j~*" channel. The second law of thermodynamics
requires that |¢;;| < 1. One can show that the Onsager
matrix can be expressed using g¢;; if the following trans-
formation is introduced, F; — F;+/M;; and J; — Ji/M;;.
The cooperative figure of merit, given in (16) for systems
with 3 x 3 symmetric Onsager matrix, is then expressed

neatly as

£= 2 21—q2§3 -1 (19)
1 —q15 — q13 — 453 + 2q12q13G23
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FIG. 1.
induced a 1D head-to-head DW motion in a ferromagnetic

(a) Schematic of electrical and thermal currents

nanowire. (b) The energy efficiency, ¢, as a function of the

ratio of the input currents and output current, Jo/J, and
Jo/Jw. The parameters are P = 0.5, S = 100 xV/K and
S’ = —80uV/K. The device doesn’t work as current-driven

DW motion function in the white region.

IV. ELECTRICAL AND THERMAL CURRENT
INDUCED DW MOTION

It has been shown that electrical and thermal current
induced DW motion in a magnetic nanowire (Fig. 1(a))
can be described by a phenomenological linear-response
equation F = M T2063 where

(20a)

j = (j07 an jw)Ta
F (20D)

= (AV,AT/T,2AMH..;)7,
and

Mcc McQ Mcw
Meq Moo Mauw | - (21)
Mcw MQw Mww

The three thermodynamic currents are the electrical cur-
rent Jc, the thermal current Jg, and the velocity of DW
motion J,, = 7, where r, is the center of the DW.
The three thermodynamic forces that induce the cur-

rents are the voltage AV = (up — pe)/e with pp (ue)

4

being the electrochemical potential of the hot (cold) ter-
(Th - Tc)/T
) being the temperature of the hot (cold) ter-

minal, the temperature difference AT/T =
with Ty, (T,
minal, and the external magnetic field H..;. Following
Ref. [63], the coefficients of the linear-response matrix
M. = R, Mgg = R/LT?,
My = % M. = SR/LT, M, = hpf/eA, and
Mag = r(S'8 — 5p).
resistance of the device where o is the electrical conduc-

can be written as follows:
Here R = ﬁ is electrical

tivity, [ and A are the length and the cross-sectional area
of the device, respectively. For a nanowire system as il-
lustrated in Fig. 1, we take [ = 1 ym and A = 100 nm?
2.443 x 1078 WQK~2 is the
T = 300K is the room

We chose the material parameters that

for our calculation. L =
Lorenz number for metals.
temperature.
are close to those of the permalloy, viz., the satura-
tion magnetization M, = 860 x 103 A/m, the DW width
A = 100nm, the Gilbert damping o = 0.01, the elec-
1 and the Seebeck
coefficient S = 100 uV /K. po is the vacuum permeabil-

trical conductivity o = 10°(Qcm)~

ity, e is the electron charge, and + is the gyromagnetic
ratio. Microscopically, the spin polarization, the Seebeck
coefficient and the spin Seebeck coefficient are given by
P={(s,),S="2 and &' = =),

eT

Note that, throughout this paper, we have set the
energy zero to be the (equilibrium) chemical poten-
tial, ie., 4w = 0, s, = 1 or —1 for spin up and
down, respectively. The average here is defined as
(0) = o7 [dE(-%% )80 (E)O, where S,0)(E)
(s =1,]) is the spin- and energy-dependent conductiv-
ity, o = de(—%‘—;)Esa(s)(E) is the electrical con-
ductivity. ngp = 1/ [exp(kﬂ%) + 1] is the Fermi distri-
bution of the carrier. The relationships presented here
are the generalized Mott relations for spin-caloritronic
systems. [ is the mechanical damping parameter and
B =B+ %. The 8 and S’ terms are regarded as
crucial in understanding magnetic DW dynamics driven
by electrical and thermal currents®®. Although 8 and 5’
can generally be different, in the following estimation we

will take 8 = 8’ =0.1.

The maximum efficiency is determined by the figure of
merit and the degree of coupling according to Eq. (13).
From Eq. (18
of coupling between electrical and thermal energy. The

), we know that ¢.g represents the degree

figure of merit for electrical current-induced DW motion

2
is Eew = 9w and that for thermal current-induced
1-42,,°
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FIG. 2.

ergy efficiency due to the cooperative effect

(a) The enhancement factor of the maximum en-

max(‘buﬁh‘#@w)’ as
a function of P and S’. (b) The enhancement factor of the

maximum energy efficiency as a function of the thermoelec-
tric coupling coefficient g.qg. The red dashed line represents

the condition with = 1, which is reached at the

(2
max(dew,PQw)
green triangle point.

2
1?2;” . The second law of ther-
Quw

modynamics requires that ¢;; < 1, so that the maximum

DW motion is {ow =

efficiency is bounded from above to ensure ¢ < 100%.
The figure of merit of the cooperative DW motion in-
duced by the concurrent electrical and thermal currents
is

_ - aig

1= 2, — ady — ot 24ewiquicq

£ —1. (22)
which determines the maximum energy efficiency through
Eq. (13). It can be proved that the cooperative figure of
merit £ is always larger than (or, at least, equal to) &,
and €guw (see App. C). This is because the maximum
efficiency given by the figure of merit in Eq. (18) is the
global maximum of the efficiency, while &, and g, only
give the (conditional) maximum efficiency without heat
or electrical current, respectively.

Fig. 1(b) demonstrates the energy efficiency as a func-
tion of the electrical and heat currents for a typical case.
Specifically, the energy efficiency, ¢, as a function of the
ratio of the input currents to the output current, Jo/J,
and Jg/Jy, is ploted. We set p = 0.5, 5 =100 xV /K and
S’ = =90 uV /K. These two currents can be of the same
sign, or opposite signs depending on the directions of the
electrochemical potential gradient and the temperature
gradient. Here we choose negative temperature gradient
(along the x direction) and vary the direction of the elec-
trochemical potential gradient. The down-triangle (up-

triangle) point represents the maximal energy efficiency

for the magnetic DW motion driven solely by the ther-
mal (electrical) current. The rhombus point represents
the global maximum efficiency for the magnetic DW mo-
tion induced by the concurrent electrical and thermal cur-
rents. The cooperative effect is clearly manifested by the
fact that the global maximum efficiency is much greater
than the optimal efficiency’s for the DW motion driven
by only one of the currents, electrical or thermal current.

The enhancement of the maximum energy efficiency
due to cooperative effects, measured by ﬁm, as
the function of P and S’ is plotted in Fig.2(a). The
energy efficiency is significantly improved by the cooper-
ative effect when S’/(100 4V /K) is approximately neg-
ative twice of the spin polarization P. Fig.2(b) shows
the enhancement of the maximum energy efficiency as a
function of the thermoelectric coupling coefficient ¢.g =
S/v/L when the electrical and thermal current-induced
DW motion coefficients, g, and gg.,, are set as constants
(i.e., 8’8" — SpB is fixed to be constant). Counterintu-
itively, although the thermoelectric coupling coefficient
gcq has nothing to do with the optimal energy efficiency
of the electrical (or thermal) current induced DW mo-
tion, it has strong effects on the maximum efficiency for
the magnetic DW motion driven by coexisting electrical
and thermal currents. As already manifested in Eq.(22),
the global maximum efficiency depends on the thermo-
electric coupling coefficient g.g. Hence tuning ¢.q can
help improving the maximum efficiency. Fig.2(b) shows

that the dependence of the efficiency enhancement factor,
_ ®max
max(¢cw 7¢Qw )
gcq 1s not monotonic.

on the thermoelectric coupling coefficient

The non-monotonic behavior of the enhancement fac-

¢max 3 3
D e ggm) can be understood via Eq.(22), since

the optimal efficiency has a one-to-one correspondence to

tor

the figure of merit. We emphasize two important aspects
of the cooperative effect. First, the magnetic DW motion
induced by the electrical and the thermal currents can
be of the same direction, leading to constructive inter-
play between the two driving factors. If their directions
are opposite, however, there will be destructive interplay
between the two. Second, entropy production that limits
the maximum efliciency, has contribution from all pro-
cesses, including electricity and heat to magnetic energy
conversion, as well as the conversion between electricity
and heat energy.

Tuning the g.g modifies the entropy production as-

sociated with the energy conversion between electricity



and heat, and hence affects the maximum energy effi-
ciency. However, the cooperative maximum efficiency
is always greater than or equal to the maximum effi-
ciency for magnetic DW motion driven by the electri-
cal current or the thermal current[See App. C]. There-
fore, unfavorable values of g.g can only reduce the en-
hancement factor down to 1, which is realized only when
4@ = Gew/dQuw O 4e@ = qQu/Gcw-
ters chosen in Fig.2(b), the enhancement factor has a

For the parame-

minimum when ¢.9 = ¢Quw/qew [as illustrated by the
triangle point in Fig. 2(b)]. Away from this point, the
cooperative effect can considerably enhance the optimal
energy efficiency. This gives rise to a useful route to-
ward high energy-efficiency: tuning the thermoelectric
coupling ¢.q to enhance the cooperative effect for high
energy-efficiency. Note that this method can be applied
to materials with low energy-efficiency for the electri-
cal (or thermal) driving magnetic DW motion, which
might be of practical usage. We would also emphasize
that although the electrical and thermal currents coexist
in most practical situations, the cooperative maximum
efficiency can be reached only by properly tuning the
temperature and electrochemical potential gradients, as

shown in Fig.1(b).

(a) Spin, heat current
Hot P Cold
T, T, n,
mh mc
Electrical current
— Load
(b) Heat current
Hot < Cold
T, T.u
mh mz‘

Electrical, spin current

m‘_

FIG. 3. Schematic of (a) the spin-thermoelectric power gen-

erator and (b) the spin-thermoelectric cooling/heat-pumper.
A spin-thermoelectric (“spin-TE* material (i.e., a conduct-
ing magnetic material) sandwiched between two ferromag-
netic (FM) electrodes with different temperature, T), > T,
where the subscripts A and ¢ denoting the hot and cold ter-

minals, respectively.

V. COOPERATIVE EFFECTS IN
SPIN-THERMOELECTRIC SYSTEMS

In a magnetic material the coupled spin, charge and
heat transport is described by the following phenomeno-

logical equation?”36
Jo G GP GST AV
Js | =] GP G GST Am . (23)
Jo GST GS'T K T AT/T

where Jo = jM + ;G g = ;M — () with ;™ and
j) denoting the electrical currents of the spin-up and
spin-down electrons, respectively. AV = (up — pc)/e is
the voltage bias due to the electrochemical potential dif-
ference between the hot and cold terminals. Here, the
subscripts h and ¢ denote the hot and cold terminals, re-
spectively. = (pr 4 py)/2 is the charge electrochemical
potential, while m = (u4 — uy)/(2e) is the spin chemical
potential. Here, 114 and p are the electrochemical po-
tentials for spin-up and spin-down electrons, respectively.
Am = my, —m, is the difference of the spin chemical po-
tential across the device. G = oA/l is the electrical con-
ductance and Ky = koA/l is the heat conductance of the
device at AV = Am = 0 with k¢ being the heat conduc-
tivity. Possible applications of the system include elec-
trical power generator, cooling/heat-pumping, and spin
pumper (the former two are illustrated in Fig. 3).

We first discuss the spin-thermoelectric power gener-
ator driven by coexisting temperature bias AT/T and
spin chemical potential bias Am [Fig. 3(a)]. The energy
efficiency is given by ¢ = —JcAV/(JQAT/T + J,Am).
Using Eqgs. (13) and (23) we obtain

. koP? + oT(S* — 2PSS')

= 5 (24)
ko(1 — P2) — 0T (S? —2PSS' + 5'7)

Again, the above figure of merit is always greater than

(or, at least, equal to) both the figure of merit for thermo-
oS*T
Kko—0S2T

of merit for spin-charge conversion

electric power generator &rp = and the figure

2
om = 1= (25)
(see App. C).

We show in Fig. 4(a) that the enhancement factor of
the figure of merit induced by the cooperative effect is
considerable when P and S” (100 ¢V /K) differs from each
other (especially when they have different signs). It is



shown in the App. A that the transport coefficients are
bounded by the second-law of thermodynamics®. The
white regions in Fig. 4 are forbidden by the second-
law of thermodynamics. The cooperative figure of merit
& can be very large for large P and S’ as shown in
Fig. 4(b).
large near the boundary of the allowed region. Ex-

Particularly, the figure of merit £ is very

actly speaking the boundary represents the limit when
the determinant of Onsager matrix becomes zero [i.e.,
ko(1— P?)—0oT(S? - 2PSS")
energy efficiency approaches its upper bound, 100%, and

= 0]. Thus, the maximum

the figure of merit & goes to infinity in approaching the
boundary of the allowed region in Fig. 4 (The divergent
behavior of £ cannot be resolved in the figure due to re-
stricted data range and resolution). We also plot the en-
hancement factor as a function of P and the thermoelec-
o5°T for §' = 25 uV /K in
Ko
Fig. 4(c). From Fig. 4(c) the enhancement of energy effi-

tric degree of coupling, A\rp =

ciency due to cooperative effects is considerably large for
large |P| and Arg. The enhancement factor as a function
of the spin-Seebeck coefficient S’ and the thermoelectric
degree of coupling Arg for P = 0.5 is plotted in Fig. 4(d).
We found that the enhancement is considerable for neg-
ative S” with large |S’|.
can be obtained when S’ < 0 for moderate and small

That is, strong enhancement

thermoelectric degree of coupling Ayrg. The negative S’
and positive S require that the Seebeck coefficient of the
minority-spin carriers to be negative (with large abso-
lute value) while the majority-spin carriers have positive
Seebeck coefficient.

We now consider the spin-thermoelectric cool-
ing/heating driven by coexisting voltage bias AV and
spin chemical potential bias Am. The coefficient of per-

formance of the refrigerator (and heat pumper) is defined

as
Q T —JoAT/T

== = - = 26

"SW T AT IoAV § Jam (20

where 7, = ATT is the Carnot efficiency. The schematic of

spin-thermoelectric cooling/heating is shown in Fig. 3(b)

and here we discuss cooling as an example. Using

Egs. (13) and (23), we obtain

oT(S% —2PSS' + 8"

= ( ) (27)

ko(1 — P2) — oT(S? — 2PSS" + 5'%)

The above figure of merit is greater or equal to both the

figure of merit for thermoelectric cooling, &g, and the

&p, S )/max(ﬁrE,EsE)

15

S(100pV/K)

© 1 Spgax(EreSsen 1o (d)
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/(100 uV/K

FIG. 4. (a) The
enhancement factor of the figure of merit due to coopera-
tive effects, ¢/ max(érg,£sE), as a function of P and S'.
The parameters are S = 50uV/K and T' = 300K. The
heat conductivity is ko = oLT with the Lorenz number of
L =25x10"8WQK™2 (b) The cooperative figure of merit

(¢) The enhancement factor of

Spin-thermoelectric power generation.

¢ as a function of P and S'.
the figure of merit as a function of P and Arp = % for
S = 25uV/K.
merit as a function of S’ and A\rg = "iiT for P =0.5. In all

(d) The enhancement factor of the figure of

of the above figures, the white regions are forbidden by the

second-law of thermodynamics.

figure of merit for the spin-Peltier cooling

oTS’

Ro — oS’ ' (28)

{sp =

The enhancement factor of the figure of merit induced
by cooperative effect is plotted in a wide parameter range
in Fig. 5(a).
proved by cooperative effect when P strongly deviates
from S’/(100 xV/K) (particularly when the two have op-

posite signs). From Fig. 5(b), one can see that the coop-

The figure of merit is significantly im-

erative figure of merit can be much larger than 1 when
P and S’/(100 xV/K) are sufficiently different. In such
a regime, the spin-thermoelectric refrigeration is much
more efficient than the thermoelectric cooling in the same
material. Particularly, when S’/(100 pV/K) is close to -
0.5, the spin-thermoelectric refrigeration becomes more
efficient than the thermoelectric refrigeration. Fig. 5(c)
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FIG. 5.
ment factor of the figure of merit due to cooperative effects,

Spin-thermoelectric cooling. (a) The enhance-
¢/ max(érg, Esp), as a function of P and S’. The parameters
are S = 50 uV/K and T' = 300K. The heat conductivity is
ko = o LT with the Lorenz number of L = 2.5x 1073 WQK 2.
(b) The cooperative figure of merit £ as a function of P and
S’. (c) The enhancement factor of the figure of merit as a
function of P and \rg = "iiT for " = 25uV/K. (d) The
enhancement factor of the figure of merit as a function of S’
and \rg = "izT for P = 0.5. In all of the above figures, the
white regions are forbidden by the second-law of thermody-

namics.

and 5(d) indicate that the enhancement of figure of merit
is strong when P and S’/(100 uV/K) are very different,
as shown by Fig. 5(b) and 5(d).

VI. THERMAL, ELECTRICAL AND
MECHANICAL INTER-COUPLING IN A
MAGNETIC WIRE

In general the Onsager matrix may not be symmetric.
A simple case when it is anti-symmetric. That is, M;; =
—Mj;, \Y/Z # j. Note that ﬁgMoofO = fgﬂoofo,
where Moo = (Moo + Mgo)/Q. Similarly, M;; can be
replaced by M;; = (]\ZTH + MITI)/2 Then we have

j? B Afoo ﬂﬂn f? (29)
j] MOI M][ ]:I .
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FIG. 6.
the magnetic domain wall with both electrical and heat cur-

(a) Polar plot of £ as the function of 6 for moving

rents. 6 is introduced in Eq. (43). The red dots represent the
figure of merit for moving magnetic domain by the electrical
current, while the green triangle represents the figure of merit
for moving magnetic domain by the heat current (which is, in
fact, zero). (b) Polar plot of the output work W (blue curve)
and the total entropy production S;o; (red curve) as functions

of 0 for the same system.

Interestingly we note that the Onsager matrix can be

symmetrized in the following representation

Jo) _ (Loo Lot (7o (30)
Fr LL, Lp J )

where
Loo —Moo - MOIM[_IIMIO; (31a)
T v (31b)
Lio=- M;]1M107 (31c)
Lir :ﬁl_ll' (31d)



It can be shown easily that ﬁlo = ﬁg[ since MIO =
—Mp,. Furthermore, we notice that Fo and J; are in-
dependent of each other, and the optimal efficiency is
reached at

5]_:'O¢ =0, 8jl¢ =0. (32)
Consequently the degree of coupling can be expressed as

the largest eigenvalue of the following coupling matrix

A=17”LioLobLoily " (33)
More generally, if M;; = —Mj;, Vi € 1 and Vj € 2, but
M,;; = Mj;ifi,j € 1ori,j € 2 [Onsager matrix with such
properties describes systems where the forces F; (i € 1)
are even under time-reversal but F; (j € 2) are odd,
or vice versa], the Onsager matrix can be symmetrized

similarly with

Ly =My — Mo My Moy, (34a)
Ly =Mo My, (34b)
Loy = — M, My, (34c)
Loy =M, (34d)

After such transformation, the Onsager matrix becomes
symmetric and Eq. (33) can be applied directly in calcu-

lating the optimal efficiency. The new response equation

j} = L1T1 Lz ]?:1 : (35)
~7:2 L12 L22 j2

It has been shown in Ref. [63] that a magnetic nanowire

is then

contains a transverse DW [Fig. 1(a)], the wire is mounted
in a low-friction bearing such that it can rotate around

the = axis. A mechanical torque 72¢°h

e can also be ap-

plied to it. The system is driven by an applied magnetic
field Heyt, the voltage bias AV and the temperature bias
AT. The electrical, thermal, magnetic and mechanical
responses of the magnetic wire can be described by the

following phenomenological linear-response equation
where the currents and forces are

j = (jC7 jQ7 jum SO)T7
F = (AV,AT/T,2AM, Heg, 7257,

ext

(37a)
(37h)

respectively. The response matrix is

Mcc MCQ Mcw MCSP

. Mo M, Mo, M,
Mcw MQw Mww Mwap
Moy, —Mgy —Myy My

In the above Onsager matrix the off-diagonal terms in
the last row have opposite sign of those in the last col-
umn. We can apply the technique developed in the above
section to symmetrize the Onsager matrix. If we denote
the indices (¢,Q,w) as 1 and the index ¢ as 2, we will

have the response equation in the form of

P bn L) (4 (39)
T2 L1, Lo Fy |

where the matrix L is obtained from Eq.(34). After that
the figure of merit and degree of coupling can be obtained
by using Egs. (13) and (14).

We now shall input the numbers of transport coeffi-
cients given in Ref. [63]. We shall use the inverse Onsager
matrix and covert it into the dimensionless coeflicients
¢i; given in Eq. (18). From the transport coefficients in

Ref. [63], we obtain the following dimensionless parame-

ters,
M - .
qij :ma VZ,], qij = 1a Vi (403‘)
g =0.255, qop = —0.0218, gew = 0.066, (40b)
90¢ =0, qouw = 0, ¢qu, = —0.330. (40c¢)
For the symmetrized matrix
7 Li i oy =1,vi (41a)
qij = —F77——, V0, ], qij = 1, Vi a
V6Ll
deg =0.255, Gep, = —0.0218, Gew = 0.0695, (41b)
gy =0, Gdow = 0, Guwe = —0.313. (41c)

From the above data, we find that the figure of merit for
a pair of energy channels,

€eo = 0.0695, £y = 0.000475, &,y = 0.00485, (42a)
€0p =0, Eow =0, Eu, = 0.109. (42b)

We shall demonstrate the cooperative effect by consid-
ering moving the magnetic domain with (i) both electri-
cal and heat forces (ii) all the other forces (i.e., electrical,

heat, and mechanical forces).



For (i) we parameterize the electrical and heat currents

as

Jo(kgT)/e = jocos(), Jog = josin(d), (43)

where jo = /J&(kpT)?/e? + J3 is the total magnitude
of the currents. The figure of merit as the function of the
angle 0 is plotted in Fig. 6(a). It is seen that, although
heat current cannot induce the motion of magnetic do-
main, there still emerge a cooperative effect when both
heat and electrical currents are used together. If we look

closely at the degree of coupling for a given 6,

G2, cos*(0)

= _dew ™™ V) 44
1+ ¢ sin?(#) (44)

Although the numerator is reduced as part of the total
current, the heat current, does not couple to the mag-
netic domain motion, the denominator is also reduced
at some range of 6 due to correlation between heat and
electrical currents. Such correlation reduces entropy pro-
duction and enhances the efficiency when sin(26) < 0.
This becomes particularly clear in Fig. 6(b) where the
output work W and the total entropy production Siot
are plotted against 6. It is seen that the output work is
maximum when 6 = 0 or 7. Going away from 6 = 7 into
the region 37/4 < 6 < 7w will reduce the output work as
well as the total entropy production. The latter is more

prominent which yields an increase of the efficiency.

@ co.w) O £(ag2-99.)
0.12 :
0.8 0.15
: 0.1 04 »
. 06 008 ’
= 006 & 0 0.13
04
0.04 o 0.12
0.1
0.2 0.02 0.1
0 02 01
0 0.5 1 02 0 0.2
2k 90,

FIG. 7. (a) The figure of merit £(6, ) for moving magnetic
domain using electrical, heat, mechanical motions in a mag-
netic wire. Parameters are given in the main text. (b) The
figure of merit £(¢Quw, gg,) for moving magnetic domain us-
ing electrical, heat, mechanical motions in a magnetic wire.

Parameters are given in the main text.

Cooperative effect also manifest when more forces are
involved. For case (ii), domain motion is driven by elec-

trical, heat, and mechanical motions. We can parame-

10

terize the input currents as follows,

Jo/e = jocos(h), (45a)
Jg = josin() cos(v), (45b)
O(kgT) = josin(@) sin(y), (45c¢)

where jo = /J&(kpT)?/e? + J + ¢*(kpT)?. The fig-

ure of merit at given 6 and v is given by

__A6.9)
B 1- )‘(91 ZZJ)’

M

5(9;w) = m7

A0, v) (46)

with

M =[gew c08(0) + gqu sin(0) cos(v) + gew sin(0) sin(v))?,
A2 =[qeq cos(1)) + gey sin(¥)] sin(0) cos(0)
+ 2¢e, sin? () sin(¢)) cos(1).
(47)
The figure of merit £(0,) is plotted in Fig. 7(a). The
figure of merit is maximized near 6 ~ 7/2 and ¢ ~ 7/2
because the coupling between domain motion and me-
chanical motion is the strongest one. Nevertheless, in-
cluding the electrical and heat currents still improves the
figure of merit. The maximum figure of merit due to co-
operative effect when considering moving magnetic do-
main by electrical, thermal, and mechanical currents is
given by Eq. (15). We calculate the figure of merit for
finite g and g, to check how thermal-domain-motion
coupling and thermal-mechanical coupling affect the fig-
ure of merit. The results are plotted in Fig. 7(b). Indeed

the figure of merit is considerably improved by finite gg.,

and Q.-

VII. CONCLUSION AND DISCUSSION

We have shown that cooperative effects can be a poten-
tially useful method for improving the energy efficiency
of spin caloritronic devices. In general, cooperative ef-
fects emerge in systems with multiple, correlated energy
channels. For example, the cooperative effect can greatly
enhance the figure of merit, if the magnetic DW motion
is driven by the electrical and heat currents concurrently.
Our scheme provides a new route to enhance the energy
efficiency and hence reduce energy cost for future ad-
vanced information storage and information processing

based on magnetic materials.
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Appendix A: Thermodynamic Bound on the
Coefficients of Spin-Thermoelectric Transport

Spin-thermoelectric transport is described by phe-

nomenological equation

Jo G GP GST AV
J.o |=| ep ¢ asT Am
Jo GST GS'T K,T AT/T

Due to the second law of thermodynamics, the trans-
port coefficients are bounded by the following inequalities
(keep in mind that G = 0 A/l and Ky = koA/l),

P? <1, 0S*T <#ko, 0TS < ko, (A2)

as well as that the determinant of the Onsager matrix is

non-negative,

ko(1— P?) — 6T(S% - 2PSS' + 8'%) > 0 (A3)
Using the relations
- anF (S)
o= [aB-GEmeO®m), (A
E(s)
P = "= A4
(s, 8 =202 (AdD)
£ roT = e 20 (E?) (Adc)
eT’ 0 )
the inequalities in (A2) can be rewritten as
—1<(s2) <1, (B)?<(E%), <(E%. (A

The first two are obvious. The last inequality in the

above is guaranteed by the Cauchy-Schwarz inequality

11

(XY)?
s, takes the discrete values of 1 for spin up and -1 for

< (X?)(Y?) since (s2) =

z

1 (keep in mind that

spin down). The inequality (A3) is guaranteed by the

Cauchy-Schwarz inequality

|Cov(E, 5.)|* < Var(E)Var(s.) (A6)
Specifically,
[Cov(E, 5:)? =((Bs.) — (E)(s:))” (A7)
=eT?(P2S? 4+ 58" — 2PSS"),
and

Var(E)Var(s.) =((E*)(E%)?)(1 - (s.)%)
62T (AS)
=— (o - oS?T)(1 — P?)).

Appendix B: Spin-dependent Seebeck Coefficients

£(Sh, S
(@) €/max &re, Esp) (b) £(51,51)

2 8 )
= e |
s 0 o 0
(==} (=] 1
g 4 2
w1 w1

05

2 2

05

100;1V/K 100;1\//}(
(© ére ST (d

2 06 06
< 05 o, 05
~ =
> 04 = 04
2 2
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Z Z
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(a) The enhance-
ment factor, £/ max(érg,Esp), as functions of Sy and S|. The
parameters are P = 0.5, 7' = 300K and ko = ¢ LT with the
Lorenz number of L = 2.5 x 1078 WQK 2. (b) The figures of
merit &, (¢) {7, and (d) {sp as functions of Sy and S|.

FIG. 8. Spin-thermoelectric refrigeration.

If the energy-dependence of conductivity is weak and
almost linear around the chemical potential, i.e., when

the energy dependent conductivity can be described by



o) (E) = U(S)(O)[l + E‘“L(S)(O)], we have

dE
1) _ g
(o (o
P=®rom (Bla)
MM _ g
DG E O R (B1b)
o TkET dInc®)(0
S6) = 35 dE(). (Blc)

We plot the enhancement factor for the figure of merit
¢/ max(érg,Esp) as a function of Sy and S| for P = 0.5
in Fig. 8. Strong enhancement of the figure of merit
induced by cooperative effect happens when |S;| and | S| |
is larger (regardless of their signs). For P = 0.5, kg =
oLT, we can get

Sy 435,
== B2
$=iL—5,—35, (B2a)
() +35,)7
= B2
b1 16L — (S4 4+ 35)?’ (B2b)
Sy —35))2
Esp = (51 B (B2c)

~16L — (St +35,)%°

The factor of 3 appears because (1 + P)/(1 — P) = 3
for P = 5. From the above, the thermoelectric figure of
merit {rg vanishes when Sy = —3S5| in Fig. 8(c), while
the spin-Peltier cooling figure of merit £sp vanishes when
St = 385, in Fig. 8(d). In contrast, the cooperative figure
of merit & vanishes only when both S} and S| are zero
in Fig. 8(b).

of their signs), strong enhancement of figure of merit by

When |St| and |S|| are larger (regardless

cooperative effect can be achieved. A realistic regime is
when Sy and S| have the same sign. This can be realized
in materials where, e.g., the energy dependence of the
density of states is much stronger for carriers with the

minority spin than for carriers with the majority spin.
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Appendix C: The enhancement of the figure of merit

due to cooperative effect

In this section, we prove that the cooperative figure
of merit &, Eq. (19), is always larger than (or, at least,
equal to) the figures of merit for energy conversion driven
by only one input force.

The dimensionless Onsager matrix has the form

1 q12 q13

M= gz 1 qo3

Q13 q23 1

According to the second law of thermodynamics, we have

det(M’) > 0, ice., 1 — ¢25 — ¢35 — ¢35 + 2q12q13G23 > O.
Let us first prove £ > £15. The figure of merit &5 is

(C1)

1
G2=7—5 1 (C2)
— 412
Hence, we need to prove 1—g -
R ’ ) 1—q35—q33—a35+2q12913G23
1_7(1%2 > 0, 1.e.,

ais — @33 + 2012013023 + @33032 > 0. (C3)

The above inequality is always true. The left hand side
is zero only when 13 = ¢12¢23. Similarly one can prove
that £ > &£13. The equality of £ and &3 holds only when
q12 = q13q23. Therefore, £ is always greater than &5 and
€13, unless g23 = q12/q13 for gas = q13/q12. Since |q13],
lg12] and |ga3| are smaller than 1, only one of those two

conditions can be met for a given physical system.
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