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We report a concept of thermoelectric devices, cooperative spin caloritronics device (CSCD), where cooperation
between two or more energy channels such as spin, charge and heat currents can significantly enhance energy
efficiency of spin caloritronic devices. We derive the figure of merit and the maximum efficiency due to cooperative
effect in analytic forms for a CSCD. Cooperative effects significantly improve the figure of merit and the maximum
efficiency in spin caloritronic systems with multiple couplings effects. Several examples of CSCDs, including
electrical and thermal current induced DW motion, spin-thermoelectric power generator and spin-thermoelectric
cooling/heating, are studied to illustrate the usefulness of the cooperative effect. We compare the efficiency of CSCD
with several recently proposed spin caloritronic devices. Our scheme provides a novel route to seek high performance
materials and structures for future spin caloritronic devices.
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1. Introduction
In the past few years, manipulation of magnetization and
magnetic textures such as domain walls (DW) and skyrmions
in ferromagnetic (FM) nanostructures has attracted a lot of
attention because of fundamental interest and potential impacts
on data storage devices and logic operations. 1–5 Interplay
between electronic spin, charge, and magnetization offers a
promising physical mechanism for such manipulation. 6

Especially, current-induced DW motion7–14 or skyrmions15–17

along highly conducting magnetic nanowires promises the
development of novel spintronic devices with high density,
performance and endurance at a very low cost per bit, such as
racetrack memory.4 However, extensive experimental4,18 and
theoretical7–10 studies have shown that the critical current
density to drive the motion of the conventional magnetic DW
in FM nanostructures is on the order of 105 − 108 A cm2 . Joule
heating in such a high density information processing scheme
becomes a serious issue because of the large current density
which is necessary to overcome the pinning.

Recently it was proposed theoretically and verified
experimentally that heat current can also serve as an efficient

way to drive the motion of DW19–24 and skyrmions.25,26 It may
be possible to exploit waste Joule heat to assist current-driven
magnetic patterns motion for information processing.
Alongside with electrical current and spin current, heat can be
conducted to designated regions to achieve DW manipulation
effectively. Such realizations lead to prosperous researches on
spin caloritronics, 27–29 an emerging field to study the
interaction between spin, charge and heat currents, and
magnetization in magnetic materials and structures. Pioneering
researches have uncovered abundant physical mechanisms,
such as electron-magnon, phonon-magnon, and charge-spin
couplings that explain the versatile phenomena in spin
caloritronics systems.30–33 Those couplings provide new ways
to manipulate magnetic textures for information storage and
processing. However, as for the situation of current-induced
DW motion, energy efficiency in those couplings are still very
low, which is one of the main challenges for spin-caloritronic
applications.34–40

In this work, we propose a novel concept of cooperative
spin caloritronics device (CSCD) where cooperation between
two or more energy channels can significantly enhance energy
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efficiency of spin caloritronic devices. Theoretical foundation
of such cooperative effects is established in Ref. [41] based on
Onsager's theory of irreversible thermodynamics. A typical
CSCD can be DW motion driven by coexisting electrical and
heat currents. We show that cooperation between electrical and
thermal currents induced DW motion can greatly improve the
energy efficiency, surpassing the maximum achievable
efficiency for DW motion induced solely by electrical or
thermal current. Other CSCDs include spin-thermoelectric
power generator and spin-thermoelectric cooling/heating. Our
scheme provides a new route to significantly enhance energy
efficiency and hence considerably reduce Joule heating for
future advanced magnetic information storage and information
processing.

2. Basic Theoretical Framework
Onsager's theory of irreversible thermodynamics establishes
a general form to study nonequilibrium phenomena in
thermodynamic systems.42–44 Like in classical systems with
balanced friction and driving forces and moving in constant
velocity, thermodynamic systems under external forces
derives motions ("currents") at steady states. The relation

between the forces F and currents J is generally written
as45–48

J = M̂For Jn =∑
k

MnkFk, (1)

where the index n ( )k numerates all currents (forces), and M̂ is

called the Onsager matrix. When the forces are not too strong,

the dependence of M̂ on the forces can be ignored. Cross-
correlated responses (e. g., thermoelectric effect) allow
conversion from the input energy to the output energy (e.g.,
thermal to electrical energy conversion). In general, a
thermodynamic machine realizes its function via consuming
the input energy and converting this energy into the output
work/energy to achieve certain functionalities. According to
the theory of irreversible thermodynamics,41–43,49 there are an
equal number of forces and currents.

An important aspect of the performance of a machine is
its energy efficiency. High energy-efficiency machine is
demanded for future society not only to reduce energy cost, but
also because damage of materials can be reduced if heating due
to irreversible dissipation is reduced. It is hence crucial to
improve the energy efficiency of functional materials and
machines made of these materials. In practical applications, the
first target is to find out the optimal energy efficiency and the
condition that realizes the optimal energy efficiency for the
functional materials/systems. 48, 50–60 A general theory was
developed to fulfill this target for thermodynamic systems with
arbitrary Onsager matrix (that may describe complex responses
to multiple forces).

Each force Fn has a conjugated current Jn such that the

reduction of total Gibbs free energy is given by

-Ȧ tot = TṠtot =∑
n

JnFn. (2)

The reduction of the free energy -Ȧn = JnFnis associated
with the current Jn and the force Fn. Hence, the input and
output free energy are

-Ȧ in =∑
n ∈ I
JnFn, Ȧ tot =∑

k ∈ O
JkFk. (3)

respectively. The symbols I and O in the above refer tothe
free energy input and output, respectively. The output free
energy is also the output work, i. e., Ẇ = Ȧout. For Ȧin > 0the
second-law energy efficiency is

ϕ =
-∑
k ∈ O
JkFk

∑
n ∈ I
JnFn =

Ȧ in - TṠtot
Ȧ in

≤ 100%. (4)

Only in the reversible limit, Ṡtot → 0, the above energy
efficiency ϕ goes to its upper bound, 100%.

3. Maximum Energy Efficiency and Figure of Merit
The maximum energy efficiency is obtained by solving the
differential equation:

∂
Fkϕ = 0, ∀k. (5)

The current-force relation can be written in a compact form
as

( )JOJI = ( )M̂OO M̂OI

M̂IO M̂II
( )FO
FI

. (6)

The second-law energy efficiency is then given by

ϕ = -F
T
O JO

FTI JI
, (7)

where the symbols O and I are used to abbreviate the
indices of forces and currents for energy output and input
respectively, and the superscript T stands for transpose of
matrix and vector. From Eqs. (5), (6), and (7),

∂
FOȦout = ϕmax ( )∂

FoȦ in , (8)

which gives

FO = - 1 + ϕmax
2 M̂ -1

OO M̂OIFI, (9)

where ϕmax is the maximal energy efficiency. M̂ -1
OO is well-

defined as M̂OO is a positive matrix. Inserting this into Eq.
(6), we obtain

ϕmax =
1
4 ( )1 - ϕ2max λ

1 - 1 + ϕmax
2 λ

, (10)

where λ = max Λ̂ and Λ̂ = gT Λ̂g. Here g is a normalized

vector (i.e., gT g = 1) which is defined as
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g = M̂ 1/2
II FI / FTI M̂IIFI . (11)

Here

Λ̂ = M̂ -1/2
II M̂IO M̂ -1

oo M̂OI M̂ -1/2
II . (12)

Again, the inverse square root of the matrix M̂II is well defined

since M̂II is a positive matrix. Eq. (10) is now a quadratic
equation, which can be solved analytically. The physical

solution with ϕmax < 1 is

ϕmax = ξ + 1 - 1
ξ + 1 + 1 , ξ = λ

1 - λ , (13)

where ξ is the figure of merit and λ is termed as the "degree of

coupling". We denote the matrix Λ̂ as the "coupling matrix".

At the final stage, FI or the normalized vector g is tuned to

maximize Λ̂ . The maximum value of Λ̂ is the largest

eigenvalue of the matrix Λ̂, i.e.,

λ = largest eigenvalue of Λ̂. (14)

It is proven in Ref. [41] that λ ≤ 1 as bounded by the second
law of thermodynamics. The limit λ→ 1 can be reached only
in the reversible limit where the determinant of the Onsager
matrix goes to zero.

For the same thermoelectric energy conversion device,
which can function as a heat engine or a refrigerator, the figure
of merit for the heat engine is the same as that for the
refrigerator. This is because those two machines are related by
reversed functions: the heat engine converts heat into
electricity, whereas the refrigerator use the electricity to do
cooling. This example can lead to quite general observations:
a machine can function normally or reversed, leading to
switched input and output. In the linear-response regime, one
would expect that the largest eigenvalue of

M̂ -1/2
II M̂IO M̂ -1

OO M̂OI M̂ -1/2
II is the same as the largest eigenvalue of

M̂ -1/2
OO M̂OI M̂ -1

II M̂IO M̂ -1/2
OO which has been proved in Ref. [41].

When the inverse of the Onsager matrix M̂ -1 is readily
available, the maximal efficiency can be obtained by
differentiating over the currents as well, i.e., ∂Jkϕ = 0, ∀k. This

approach gives the same results as in the above derivation but

with M̂replaced by M̂ -1, since the linear-response is now

described by F = M̂ -1J.
There are also other ways to express the figure of merit.

For instance, we find that ( )1̂ - Λ̂
-1

= M̂ 1/2
II ( )M̂ -1

II
M̂ 1/2

II because

( )M̂ -1
II
= ( )M̂II - M̂IO M̂ -1

OO M̂OI

-1
. We then obtain that

ξ + 1 = largest eigenvalue of M̂ 1/2
II ( )M̂ -1

II
M̂ 1/2

II . (15)

Similarly, one can prove that ξ + 1 =
l arg est eigenvalue of M̂ 1/2

OO ( )M̂ -1
OO
M̂ 1/2

OO.

For systems with a single input (or output) channel

(denoted as k), the above various expressions all give the same

result as

ξ + 1 = Mkk ( )M̂ -1
kk
= Mkkmkk

det ( )M̂
(16)

where mkk and det ( )M̂ are the (k, k)-minor and the determinant

of the Onsager matrix M̂, respectively. For example, for
systems of which the current-force relation is described by the

following 3 × 3 symmetric Onsager matrix

M̂ = ( )M11 M12 M13
M12 M22 M23
M13 M23 M33

. (17)

if k = 1, then m11 = M22M33 - M 223, and det ( )M̂ = M11M22M33 -
M 213M22 - M 223M11 - M 212M33 + 2M12M13M23. A neat way to
express the results is to introduce the following dimensionless
parameters

qij = Mij

MiiMjj

. (18)

The above coefficient represents the degree of coupling for
energy conversion41 between the i-th channel and the j-th

channel. The second law of thermodynamics requires that

|| qij ≤ 1. One can show that the Onsager matrix can be

expressed using qij if the following transformation is

introduced, Fi → Fi Mii and Ji → Ji Mii . The cooperative

figure of merit, given in (16) for systems with 3 × 3 symmetric
Onsager matrix, is then expressed neatly as

ξ = 1 - q223
1 - q212 - q213 - q223 + 2q12q13q23 - 1. (19)

4. Electrical and Thermal Current Induced DW
Motion
It has been shown that electrical and thermal current
induced DW motion in a magnetic nanowire (Fig. 1(a)) can
be described by a phenomenological linear-response

equation F = M̂I, 20,63 where

J = ( )Jc,JQ,Jw, T
, (20a)

F = ( )ΔV,ΔT/T,2AMsHext
T
. (20b)

and

M̂ = ( )Mcc McQ Mcw

McQ MQQ MQw

Mcw MQw Mww

. (21)

The three thermodynamic currents are the electrical current
Jc, the thermal current JQ, and the velocity of DW motion
Iw = ṙw where rw is the center of the DW. The three
thermodynamic forces that induce the currents are the

voltage ΔV = ( )μh - μc e with μh (μc ) being the
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electrochemical potential of the hot (cold) terminal, the

temperature difference ΔT/T = ( )Th - Tc T with Th (Tc )
being the temperature of the hot (cold) terminal, and the
external magnetic field Hext. Following Ref. [63], the
coefficients of thelinear-response matrix can be written as

follows: Mcc = R, MQQ = R LT 2, Mww = 2μ0αAMs

∆γ , McQ =
SR LT, Mcw = ℏpβ/e∆ and MwQ = ℏe

1
∆LT ( )S'β' - Spβ . Here

R = l/σA is electrical resistance of the device where σ is the
electrical conductivity, l and A are the length and area of the
device, respectively. For a nanowire system as illustrated in
Fig. 1, we take l = 1 μm and A = 100 nm2 for our

calculation. L = 2.443 × 10-8 WΩK-2 is the Lorenz number
for metals. T = 300 K is the room temperature. We chose
the material parameters that areclose to those of the
permalloy, viz., thesaturation magnetization Ms = 860 ×103 A/m, the DW width ∆ = 100 nm, the Gilbert damping
α = 0.01, the electrical conductivity σ = 105 (Ωcm )-1, and

the Seebeck coefficient S = 100 μV/K. μ0 is the vacuum

permeability, e is the electron charge, and γ is the

gyromagnetic ratio. Microscopically, the spin polarization,
the Seebeck coefficient and the spin Seebeck coefficient are

given by P = sz , S = E
eT

and S' = Esz
eT

.

Fig. 1 (Color online) (a) Schematic of electrical and thermal
currents induced a 1D head-to-head DW motion in a
ferromagnetic nanowire. (b) The energy efficiency, ϕ, as a

function of the ratio of the input currents and output current,
Jc Jw and JQ Jw. The parameters are P = 0.5, S = 100 μV/K
and S' = -80 μV/K. The device does not work as current-

driven DW motion function in the white region.

Note that, throughout this paper, we have set the
energy zero to be the(equilibrium) chemical potential, i. e.,
μ ≡ 0, sz = 1 or - 1 for spin up and down, respectively. The

average here is defined as O =σ-1 ∫dE ( )- ∂nF∂E ∑s σ( )s ( )E O,

where σ( )s ( )E (s =↑ , ↓) is the spin- and energy-dependent

conductivity. σ = ∫dE ( )- ∂nF∂E ∑s σ( )s ( )E is the electrical

conductivity. nF = 1/ é
ë
êê

ù

û
úúexp ( )E

KBT
+ 1 is the Fermi distribution

of the carrier. The relationships presented here are the
generalized Mott relations forspin-caloritronic systems. The
β and β' terms are regarded as crucial in understanding

magnetic DW dynamics driven by electrical and thermal
currents. 20 Although β and β' can generally be different, in

the following estimation we will take β = β' = 0.1.

The maximum efficiency is determined by the figure
of merit and the degree of coupling according to Eq. (13).
From Eq. (18), qcQ represents the degree of coupling

between electrical and thermal energy. The figure of merit

for electrical current-induced DW motion is ξcw = q2cw
1 - q2cw ,

and that for thermal current-induced DW motion is ξQw =
q2Qw

1 - q2Qw . The second law of thermodynamics requires that

|| qij ≤ 1, so that the maximum efficiency is bounded from

above to ensure ϕmax ≤ 100%. The figure of merit of the

cooperative DW motion induced by the concurrentelectrical
and thermal currents is

ξ = 1 - q2cQ
1 - q2cw - q2Qw - q2cQ + 2qcwqQwqcQ - 1, (22)

which determines the maximum energy efficiency through
Eq. (13). It can be proved that the cooperative figure of
merit ξ is always larger than (or, at least, equal to) ξcw and
ξQw (see App. C). This is because the maximum efficiency
given by the figure of merit in Eq. (18) is the global
maximum of the efficiency, while ξcw and ξQw only give the
(conditional) maximum efficiency without heat or electrical
current, respectively.

Fig. 1(b) demonstrates the energy efficiency as a
function of the electrical and heat currents for a typical case.
Specifically, the energy efficiency, ϕ, as a function of

the ratio of the input currents to the output current, Jc Jw
and JQ Jw, is plotted. We set p = 0.5, S = 100 μV/K and S' =
-80 μV/K. These two currents can be of the same sign, or

the opposite sign depending on the directions of the
electrochemical potential gradient and the temperature
gradient. Here we choose negative temperature gradient
(along the x direction) and vary the direction of the
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electrochemical potential gradient. The down-triangle (up-
triangle) point represents the maximal energy efficiency for
the magnetic DW motion driven solely by the thermal
(electrical) current. The rhombus point represents the global
maximum efficiency for the magnetic DW motion induced
by the concurrent electrical and thermal currents. The
cooperative effect is clearly manifested by the fact that the
global maximum efficiency is much greater than the
optimal efficiency's for the DW motion driven by only one
of the currents, electrical or thermal current.

The enhancement of the maximum energy efficiency

due to cooperative effects, measured by
ϕmax

max ( )ϕcw,ϕQw

, as a

function of P and S' is plotted in Fig. 2(a). The energy
efficiency is significantly improved by the cooperative
effect when S'/ (100 μV/K ) is approximately negative twice

of the spin polarization P. Fig. 2(b) shows the enhancement
of the maximum energy efficiency as a functionof the

thermoelectric coupling coefficient qcQ = S L when the

electrical and thermal current-induced DW motion
coefficients, qcwand qQw, aresetas constants (i.e.,S' β' - Spβ is

fixed to be constant). Counterintuitively, although the
thermoelectric coupling coefficient qcQ has nothing to do

with the optimal energy efficiency of the electrical (or
thermal) current induced DW motion, it has strong effects
on the maximum efficiency for the magnetic DW motion
driven by coexisting electrical and thermal currents. As
already manifested in Eq. (22), the global maximum
efficiency depends on the thermoelectric coupling
coefficient qcQ. Hence tuning qcQ can help improving the

maximum efficiency. Fig. 2(b) shows that the dependence

of the efficiency enhancement factor,
ϕmax

max ( )ϕcw,ϕQw

, onthe

thermoelectric coupling coefficient qcQ is not monotonic.

The non-monotonic behavior of the enhancement

factor,
ϕmax

max ( )ϕcw,ϕQw

, can be understood via Eq. (22), since

the optimal efficiency has a one-to-one correspondence to
the figure of merit. We emphasize two important aspects of
the cooperative effect. First, the magnetic DW motion
induced by the electrical and the thermal currents can be of
the same direction, leading to constructive interplay
between the two driving factors. If their directions are
opposite, however, there will be destructive interplay
between the two. Second, entropy production that limits the
maximum efficiency, has contribution from all processes,
including electricity and heat to magnetic energy
conversion, as well as the conversion between electricity
and heat energy.

Tuning the qcQ modifies the entropy production

associated with the energy conversion between electricity
and heat, and hence affects the maximum energy efficiency.
However, the cooperative maximum efficiency is always
greater than or equal to the maximum efficiency for
magnetic DW motion driven by the electrical current or the
thermal current [See App. C]. Therefore, unfavorable values
of qcQ can only reduce the enhancement factor down to 1,

which is realized only when qcQ = qcwqQw orqcQ = qQwqcw . For the

parameters chosen in Fig. 2(b), the enhancement factor has

Fig. 2 (Color online) (a) The enhancement factor of the maximum energy efficiency

due to the cooperative effect,
ϕ

max ( )ϕcw,ϕQw

, as a function of P and S'. (b) The

enhancement factor of the maximum energy efficiency as a function of the
thermoelectric coupling coefficient qcQ. The red dashed line represents the condition

with
ϕ

max ( )ϕcw,ϕQw

= 1, which is reached at the green triangle point.
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a minimum when qcQ = qQwqcw [as illustrated by the triangle

point in Fig. 2(b)]. Away from this point, the cooperative
effect can considerably enhance the optimal energy
efficiency. This gives rise to a useful route toward high
energy-efficiency: tuning the thermoelectric coupling qcQ to

enhance the cooperative effect for high energy-efficiency.
Note that this method can be applied to materials with low
energy-efficiency for the electrical (or thermal)
drivingmagnetic DW motion, which might be of practical
usage. We would also emphasize that although the electrical
and thermal currents coexist in most practical situations, the
cooperative maximum efficiency can be reached only by
properly tuning the temperature and electrochemical
potential gradients, as shown in Fig. 1(b).

Fig. 3 (Color online) Schematic of (a) the spin-thermoelectric
powergenerator and (b) the spin-thermoelectric cooling/heat-
pumper. Aspin-thermoelectric ("spin-TE") material (i. e., a
conducting magneticmaterial) sandwiched between two
ferromagnetic (FM) electrodes withdifferent temperature,
Th > Tcwhere the subscripts h and c denotingthe hot and cold
terminals, respectively.

5. Cooperative Effects in Spin-Thermoelectric
Systems.
In a magnetic materialthe coupled spin, charge and heat
transport is described by the following phenomenological
equation,27,36

( )JcJs
JQ

= ( )G GP GST
GP G GS'T
GST GS'T K0T

( )ΔV
Δm
ΔT/T

. (23)

where Jc = j(↑ ) + j(↓ ), Is = j(↑ ) - j(↓ ) with j(↑ ) and j(↓ ) denoting

the electrical currents of the spin-up andspin-down

electrons, respectively. ΔV = ( )μh - μc e is the voltage bias

due to the electrochemical potential difference between the
hot and cold terminals. Here, the subscripts h and c denote

the hot and cold terminals, respectively. μ ≡ ( )μ↑ + μ↓ /2is

the charge electrochemical potential, while

Δm ≡ ( )μ↑ - μ↓ / ( )2e is the spin chemical potential. Here,

μ↑and μ↓are the electrochemical potentials for spin-up and

spin-down electrons, respectively. Δm = mh - mcis the
difference of the spin chemical potential across the device.
G = σ A l is the electrical conductance and K0 = κ0A l is

the heat conductance of the device at ΔV = Δm = 0 with κ0
being the heat conductivity. Possible applications of the
system include electrical power generator, cooling/heat-
pumping, and spin pumper (the former two are illustrated in
Fig. 3).

We first discuss the spin-thermoelectric power
generator driven bythe coexisting temperature gradient
ΔT/T and spin chemical potential bias Δm [Fig. 3(a)]. The
energy efficiency is given by ϕ = -JcΔV/ (JQΔT/T + JsΔm ).
Using Eqs. (13) and (23) we obtain

ξ = κ0P2 + σT ( )S2 - 2PSS'
κ0 ( )1 - P2 - σT ( )S2 - 2PSS' + S' 2 . (24)

Again, the above figure of merit is always greater than (or,
at least, equal to) both the figure of merit forthermoelectric

power generator ξTE = σS2T
κ0 - σS2Tand the figure of merit for

spin-charge conversion

ξSE = P2

1 - P2 . (25)

(see App. C).

We show in Fig. 4(a) that the enhancement factor of
the figure ofmerit induced by the cooperative effect is
considerable when P and S' (100 μV/K) differs from each

other (especially when they have different signs). It is
shown in the App. A that the transport coefficients are
bounded by the second-law of thermodynamics.64 The white
regions in Fig. 4 are forbidden by the second-law of
thermodynamics. The cooperative figure of merit ξ can be
very large for large P and S' as shown in Fig. 4(b).
Particularly, the figure of merit ξ is very large near the
boundary of the allowed region. Exactly speaking the
boundary represents the limitwhen the determinant of
Onsager matrixbecomes zero [i. e., κ0 ( )1 - P2 -
σT ( )S2 - 2PSS' + S'2 = 0]. Thus, the maximum energy

efficiency approaches its upper bound, 100%, and the figure
of merit ξ goes to infinityin approaching the boundary of
the allowed region in Fig. 4 (The divergent behavior of ξ
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cannot be resolved in the figure due to restricted data range
and resolution). We also plot the enhancement factor as a
function of P and the thermoelectric degree of coupling,

λTE = σS
2T
κ0

, for S' = 25 μV/K in Fig. 4(c). From Fig. 4(c)

the enhancement of energy efficiency due to cooperative
effects is considerably large for large || P and λTE. The

enhancement factor as a function of the spin-Seebeck
coefficient S' and the thermoelectric degreeof coupling λTE
for P = 0.5 is plotted in Fig. 4(d). We found that the
enhancement is considerable for negative S' with large |S'|.
That is, strong enhancement can beobtained when S' < 0for
moderate and small thermoelectric degree of coupling λTE.
The negative S' and positive S require that the Seebeck
coefficient of the minority-spin carriers to be negative (with
large absolute value) while the majority-spin carriers have
positive Seebeck coefficient.

We now consider the spin-thermoelectric cooling/
heating driven by the coexisting voltage ΔV and spin
chemical potential bias Δm. The coefficient of performance
of the refrigerator (and heat pumper) is defined as

η ≡ Q̇
Ẇ
= T
ΔT

-JQΔT/T
JcΔV + JsΔm = ηcϕ, (26)

where ηc = T
ΔT is the Carnot efficiency. The schematic of

spin-thermoelectric cooling/heating is shown in Fig. 3(b)
and here we discuss cooling as an example. Using Eqs. (13)
and (23), we obtain

ξ = σT ( )S2 - 2PSS' + S' 2
κ0 ( )1 - P2 - σT ( )S2 - 2PSS' + S' 2 . (27)

The above figure of merit is greater or equal to both the
figure of merit for thermoelectriccooling, ξTE, and the figure
of merit for the spin-Peltier cooling

ξSP = σTS' 2

κ0 - σTS' 2 . (28)

The enhancement factor of the figure of merit induced
by cooperative effect is plotted in a wide parameter range in
Fig. 5(a). The figure of merit is significantly improvedby
cooperative effect when P strongly deviates from
S'/ (100 μV/K ) (particularly when the two have opposite

signs). From Fig. 5(b), one can see that the cooperative

Fig. 4 (Color online) Spin-thermoelectric power generation.
(a) The enhancement factor of the figure of merit due to

cooperative effects,
ξ

max ( )ξTE,ξSE
, as a function of P and S'.

The parameters are S = 50 μV/K and T = 300 K. The heat

conductivityis κ0 = σLT with the Lorenz number of L =
2.5 × 10-8 WΩK-2. (b) The cooperative figure of merit ξ as
a function of P and S'. (c) The enhancement factor of the

figure of merit as a function of P and λTE = σS
2T
κ0

for P =
0.5. In all of the above figures, the white regions are
forbidden by the second-law ofthermodynamics.

Fig. 5 (Color online) Spin-thermoelectric cooling. (a) The
enhancement factor of the figure of merit due to

cooperative effects,
ξ

max ( )ξTE,ξSP
, as a function of P and

S'. The parameters are S = 50 μV/K and T = 300 K. The

heat conductivity is κ0 = σLT with the Lorenz number of
L = 2.5 × 10-8WΩK-2. (b) The cooperative figure of merit
ξ as a function of P and S'. (c) The enhancement factor of

the figure of merit as a function of P and λTE = σS
2T
κ0

for

P = 0.5. In all ofthe above figures, the white regions are
forbidden by the second-law ofthermodynamics.
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figure of meritcan be much larger than 1 when P and
S'/ (100 μV/K ) are sufficiently different. In such a regime,

the spin-thermoelectric refrigeration is much more efficient
than the thermoelectric cooling in the same material.
Particularly, when S'/ (100 μV/K ) is close to -0.5, the spin-

thermoelectric refrigeration becomes more efficient than the
thermoelectric refrigeration. Figs. 5(c) and 5(d) indicate that
the enhancement of figure of merit is strong when P and
S'/ (100 μV/K ) are very different, as shown by Figs. 5(b)

and 5(d).

6. Thermal, Electrical and Mechanical Inter-Coupling in
A Magnetic Wire
In general the Onsager matrix may not be symmetric. A
simple case when it is anti-symmetric. That is, Mij = -Mji,

∀i ≠ j. Note that FTO M̂OOFO = FTO M̂̄OOFO, whereM̂̄OO =
( )M̂OO + M̂ T

OO /2. Similarly, M̂II can be replaced by M̂̄II =
( )M̂II + M̂ T

II /2. Then we have

( )IOII = ( )M̂̄OO M̂OI

M̂ T
OI M̂̄II

( )FO
FI

. (29)

Interestingly we note that the Onsager matrix can be

symmetrized in the following representation

( )IOFI = ( )L̂OO L̂OI
L̂TOI L̂II

( )FO
II

, (30)

where

L̂OO = M̂̄OO - M̂OI M̂̄ -1
II M̂IO,

L̂OI = M̂OI M̂̄ -1
II ,

L̂IO = - M̂̄ -1
II M̂IO,

L̂II = M̂̄ -1
II . (31)

It can be shown easily that L̂IO = L̂OI since M̂IO = -M̂ T
OI.

Furthermore, we notice that FO and II are independent of
each other, and the optimal efficiency is reached at

∂
FOϕ = 0, ∂

IIϕ = 0. (32)

Consequently the degree of coupling can be expressed as
the largest eigenvalue of the following coupling matrix

Λ̂ = L̂-1/2II L̂IO L̂-1OO L̂OI L̂-1/2II (33)

More generally, if Mij = -Mji, ∀i ∈ 1 and ∀j ∈ 2, but

Mij = Mji if i,j ∈ 1 or i,j ∈ 2 [Onsager matrix with such

properties describes systems where the forces Fi (i ∈ 1) are
even under time-reversal but Fj (j ∈ 2) are odd, or vice

versa], the Onsager matrix can be symmetrized similarly
with

L̂11 = M̂11 - M̂12 M̂ -122 M̂21,
L̂12 = M̂12 M̂ -122 ,

L̂21 = -M̂ -122 M̂21,
L̂22 = M̂ -122 . (34)

After such transformation, the Onsager matrix becomes
symmetric and Eq. (33) can be applied directly in
calculating the optimal efficiency. The new response
equationis then

( )I1F2 = ( )L̂11 L̂12
L̂T12 L̂22

( )F1I2 . (35)

It has been shown in Ref. [63] that a magnetic nanowire
contains a transverse DW [Fig. 1(a)], the wire is mounted in
a low-friction bearing such that it can rotate aroundthe x
axis. A mechanical torque τmechext can also be applied to it. The
system is driven by an applied magneticfield Hext, the
voltage bias ΔV and the temperature bias ΔT. The electrical,
thermal, magnetic and mechanicalresponses of the magnetic
wire can be described by the following phenomenological
linear-response equation

I= M̂F, (36)

where the currents and forces are

I= ( )Jc,JQ,Jw,φ̇ T

, (37a)

F = ( )ΔV,ΔT/T,2AMsHext,τmechext
T
, (37b)

respectively. The response matrix is

M̂ =
æ

è

ç

ç
ççç
ç

ö

ø

÷

÷
÷÷÷
÷

Mcc McQ Mcw Mcφ

McQ MQQ MQw MQφ

Mcw-Mcφ

MQw-MQφ

Mww-Mwφ

Mwφ

Mφφ

. (38)

In the above Onsager matrix the off-diagonal terms in the
last row have opposite sign of those in the last column. We
can apply the technique developed in the above section to
symmetrize the Onsager matrix. If we denotet he indices
(c,Q,w) as 1 and the indexφ as 2, we will have the response

equation in the form of

( )F1I2 = ( )L̂11 L̂T12
L̂12 L̂22

( )I1F2 , (39)

where the matrix L̂ is obtained from Eq. (34). After that the
figure of merit and degree of coupling can be obtained by
using Eqs. (13) and (14).

We now shall input the numbers of transport
coefficients given in Ref. [63]. We shall use the inverse
Onsager matrix and covert it into the dimensionless
coefficients qij given in Eq. (18). From the transport

coefficients in Ref. [63], we obtain the following
dimensionless parameters,

qij = Mij

MiiMjj

, ∀i,j, qij = 1, ∀i
qcQ = 0.255, qcφ = -0.0218, qcw = 0.066,

qQφ = 0, qQw = 0, qwφ = -0.330. (40)

For the symmetrized matrix
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q͂ ij = Lij
Lii Ljj

∀i,j, q͂ ij = 1, ∀i
q͂cQ = 0.255, q͂cφ = -0.0218, q͂cw = 0.0695,

q͂Qφ = 0, q͂Qw = 0, q͂wφ = -0.313. (41)

From the above data, we find that the figure of merit fora
pair of energy channels,

ξcQ = 0.0695, ξcφ = 0.000475, ξcw = 0.00485,

ξQφ = 0, ξQw = 0, ξwφ = 0.109. (42)

We shall demonstrate the cooperative effect by
considering moving the magnetic domain with (i) both
electrical and heat forces (ii) all the other forces (i. e.,
electrical, heat, and mechanical forces).

For (i) we parameterize the electrical and heat
currentsas

Jc ( )kBT /e = j0cos ( )θ , JQ = j0sin ( )θ , (43)

where j0 = J 2c ( )kBT
2 /e2 + J 2Q is the total magnitudeof the

currents. The figure of merit as the function of theangle θ is
plotted in Fig. 6(a). It is seen that, although heat current
cannot induce the motion of magnetic domain, there still
emerge a cooperative effect when both heat and electrical
currents are used together. If we lookclosely at the degree of
coupling for a given θ,

λ = q͂2cwcos2 ( )θ
1 + q͂2cQsin2 ( )θ

. (44)

Although the numerator is reduced as part of the total
current, the heat current, does not couple to the magnetic

domain motion, the denominator is also reducedat some
range of θ due to correlation between heat and electrical
currents. Such correlation reduces entropy production and
enhances the efficiency when sin ( )2θ < 0. This becomes

particularly clear in Fig. 6(b) where the output work Ẇ and
the total entropy production Ṡ tot are plotted against θ. It is
seen that the output work is maximum when θ = 0 or π.
Going away from θ = π into the region 3π/4 < θ < π will
reduce the output work as well as the total entropy
production. The latter is more prominent which yields an
increase of the efficiency.

Cooperative effect also manifest when more forces
areinvolved. For case (ii), domain motion is driven by
electrical, heat, and mechanical motions. We can
parameterize the input currents as follows,

Jc /e = j0cos ( )θ , (45a)

JQ = j0sin ( )θ cos ( )ψ , (45b)

φ̇ ( )kBT = j0sin ( )θ sin ( )ψ , (45c)

where j0 = J 2c ( )kBT
2 /e2 + J 2Q + φ̇2 ( )kBT

2
. The figure of

merit at given θ and ψ is given by

ξ ( )θ,ψ = λ( )θ,ψ
1 - λ( )θ,ψ , λ( )θ,ψ = λ1

1 + 2λ2 , (46)

with

λ1 = [ ]qcwcos ( )θ + qQwsin ( )θ cos ( )ψ + qcwsin ( )θ sin ( )ψ ,

λ2 = [ ]qcQ cos ( )ψ + qcψ sin ( )ψ sin ( )θ cos ( )θ +

2qcψsin2 ( )θ sin ( )ψ cos ( )ψ . (47)

Fig. 6 (a) Polar plot of ξ as the function of θ for movingthe magnetic
domain wall with both electrical and heat currents. θ is introduced in
Eq. (43). The red dots represent thefigure of merit for moving magnetic
domain by the electricalcurrent, while the green triangle represents the
figure of meritfor moving magnetic domain by the heat current (which
is, infact, zero). (b) Polar plot of the output work Ẇ (blue curve)and the
total entropy productionṠ tot (red curve) as functionsof θ for the same
system.
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The figure of merit ξ ( )θ,ψ is plotted in Fig. 7(a). The

figure of merit is maximized near θ ≈ π/2 and ψ ≈ π/2
because the coupling between domain motion and
mechanical motion is the strongest one. Nevertheless,
including the electrical and heat currents still improves the
figure of merit. The maximum figure of merit due to
cooperative effect when considering moving magnetic
domain by electrical, thermal, and mechanical currents is
given by Eq. (15). We calculate the figure of merit for finite
qQw and qQφ to check how thermal-domain-motion coupling

and thermal-mechanical coupling affect the figure of merit.
The results are plotted in Fig. 7(b). Indeed the figure of
merit is considerably improved by finite qQw and qQφ.

7. Conclusion and Discussions
We have shown that cooperative effects can be a potentially
useful tool in improving the energy efficiency of spin
caloritronic devices. For example, the cooperative effect
can greatly enhance the figure of merit, if the magnetic DW
motion is driven by the electrical and heat currents
concurrently. Our scheme provides a new route to
significantly enhance the energy efficiency and hence
considerably reduce Joule heating for future advanced
information storage and information processing based on
magnetic materials.
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Appendix A: Thermodynamic Bound on the Coefficients
of Spin-Thermoelectric Transport
Spin-thermoelectric transport is described by
phenomenological equation

( )JcJs
JQ

= ( )G GP GST
GP G GS'T
GST GS'T K0T

( )ΔV
Δm
ΔT/T

. (A1)

Due to the second law of thermodynamics, the
transport coefficients are bounded by the following
inequalities (keep in mind that G = σ A l and K0 = κ0A l),

P2 ≤ 1, σS2T ≤ κ0, σTS'2 ≤ κ0, (A2)

as well as that the determinant of the Onsager matrix is

non-negative,

κ0 ( )1 - P2 - σT ( )S2 - 2PSS' + S' 2 ≥ 0. (A3)

Using the relations

σ = ∫dE ( )- ∂nF∂E ∑s σ( )s ( )E , (A4a)

P = sz , S' = Esz
eT

, (A4b)

S = E
eT

, κ0T = e-2σ E2 (A4c)

the inequalities in (A2) can be rewritten as

-1 ≤ sz ≤ 1, E 2 ≤ E2 , Esz
2 ≤ E2 . (A5)

Fig. 7 (a) The figure of merit ξ ( )θ,ψ for moving magneticdomain using

electrical, heat, mechanical motions in a magnetic wire. Parameters are

given in the main text. (b) Thefigure of merit ξ ( )qQw,qQφ for moving

magnetic domain using electrical, heat, mechanical motions in a magnetic
wire.Parameters are given in the main text.
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The first two are obvious. The last inequality in the
above is guaranteed by the Cauchy-Schwarz inequality

XY 2 ≤ X 2 Y 2 since s2z = 1 (keep in mind that sz takes

the discrete values of 1 for spin up and -1 for spin down).
The inequality (A3) is guaranteed by theCauchy-Schwarz
inequality

|| Cov ( )E,sz 2 ≤ Var ( )E Var ( )sz . (A6)

Specifically,

|| Cov ( )E,s z
2
= ( )Es z - E s z

2
=

e2T 2 [ ]P2S2 + S'2 - 2PSS' , (A7)

Var ( )E Var ( )sz = ( E2 - E 2
) ( 1 - sz

2
) =

e2T
σ [ ](κ0 - σS2T ) (1 - P2 ) . (A8)

Appendix B: Spin-Dependent Seebeck Coefficients
If the energy-dependence of conductivity is weak and
almost linear around the chemical potential, i. e., when the
energy dependent conductivity can be described by σ( )s ( )E =
σ( )s ( )0 é

ë
ê

ù

û
ú1 + E dlnσ( )s ( )0

dE
, we have

P = σ( )↑ - σ( )↓

σ( )↑ + σ( )↓ ,

S = σ( )↑ S( )↑ - σ( )↓ S( )↓

σ( )↑ + σ( )↓ ,

S ( )s =
π2k2BT
3e

dlnσ( )s ( )0
dE

. (B1)

We plot the enhancement factor for the figure of merit

ξ/max ( )ξTE, ξSP as a function of S↑and S↓ for P = 0.5 in Fig.

S1(a). Strong enhancement of the figure of merit induced

by cooperative effect happens when || S↓ is smaller and || S↑
is larger (regardless of their signs). For P = 0.5 and κ0 =
σLT, we can get

ξ = S2↓ + 3S2↑
4L - S2↓ - 3S2↑ ,

ξTE = ( )S↓ + 3S↑ 2

16L - ( )S↓ + 3S↑ 2 ,

ξSP =
( )S↓ - 3S↑ 2

16L - ( )S↓ - 3S↑ 2 . (B2)

The factor of 3 appears because ( (1 + P ) ) / ( (1 -
P ) ) = 3 for P = 0.5. From the above, the thermoelectric

figure of merit ξTE vanishes when S↓ = -3S↑ in Fig. 8(c),

while the spin-Peltier cooling figure of merit ξSP vanishes
when S↓ = 3S↑ in Fig. 8(d). In contrast, the cooperative
figure of merit ξ vanishes only when both S↑ and S↓are

zero in Fig. 8(b). When || S↓ and || S↑ are larger (regardless

of their signs), strong enhancement of figure of merit by
cooperative effect can be achieved. A realistic regime is
when S↑ and S↓have the same sign. This can be realized in
materials where, e.g., the energy dependence of the density
of states is much stronger for carriers with the minority spin
than for carriers with the majority spin.

Fig. 8 (Color online) Spin-thermoelectric refrigeration. (a)

The enhancement factor,
ξ

max ( )ξTE,ξSP
as a function of S↑

and S↓. The parameters are P = 0.5, T = 300 K, κ0 = σLT
with the Lorenz number of L = 2.5 × 10-8 WΩK-2. The
figures of merit ξ (b), ξTE (c), and ξSP (d) as functions of S↑
and S↓.

Appendix C: The Enhancement of the Figure of
Meritdue to Cooperative Effect
In this section, we prove that the cooperative figure of merit
ξ, Eq. (19), is always larger than (or, at least, equal to) the
figures of merit for energy conversion driven by only one
input force.

The dimensionless Onsager matrix has the form

M̂' =
æ

è

ç

ç
çç

ö

ø

÷

÷
÷÷

1 q12 q13
q12 1 q23
q13 q23 1

. (C1)

According to the second law of thermodynamics, we have

det ( )M̂' ≥ 0, i. e., 1 - q212 - q213 - q223 + 2q12q13q23 ≥ 0. Let us

first prove ξ ≥ ξ12. The figure of merit ξ12 is
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ξ12 = 1
1 - q212 - 1. (C2)

Hence, we need to prove
1 - q223

1 - q212 - q213 - q223 + 2q12q13q23 -1
1 - q212 ≥ 0, i.e.,

q213 - 2q12q13q23 + q223q212 ≥ 0. (C3)

The above inequality is always true. The left hand side is
zero only when q13 = q12q23. Similarly one can prove that ξ ≥
ξ13. The equality of ξ and ξ13 holds only when q12 = q13q23.
Therefore, ξ is always greater than ξ12 and ξ13, unless q23 =
q12 /q13 or q23 = q13/q12. Since |q13|, |q12| and |q23| are smaller

than 1, only one of those two conditions can be met for a
given physical system.
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