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Thermodynamic Performance and Optimal Analysis of A Multi-Level Quantum Dot

Thermal Amplifier
Wei Li, Yunyun Yang, Jing Fu, Zebin Lin and Jizhou He’

A multi-level quantum dot thermal amplifier with heat leakage is proposed. Based on the theory of the Landauer formula,
the electron flux, the heat flux, the heat-pumping rate and the coefficient of performance are derived. The three-dimensional
projection graphs of the heat-pumping rate and the coefficient of performance versus the relative central energy levels are
plotted. Moreover, the influence of the energy-level spacing, the number of energy levels, the total coupling strength, the
asymmetry factor and the heat leakage coefficient on the optimal performance parameters is analyzed in detail. By choosing
appropriate values of the system parameters, one can enhance the maximum heat-pumping rate and coefficient of

performance.
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1. Introduction

The thermoelectric devices can be functioned as heat engines,
refrigerators, heat pumps,and thermal amplifiers by the
transport of electrons. Recently, the studies of three-terminal
thermoelectric devices with practical nanostructures such as
quantum-dot, nanowire, quantum-well and superlattice, have
attracted great interest. And they provide solutions to the
problem of low efficiency of conventional thermoelectric
devices.

For example, Edwards et al investigated theoretically the
quantum-dot refrigerator (QDR) which utilizes the discrete
energy levels of quantum dots to customize the electronic
Fermi-Dirac distribution, cooling a small reservoir to far below
the ambient temperature. > Prance et al presented
experimentally measurements of a QDR designed to cool a
6 um’ electron gas, and significant electro-static interactions
were observed in this device.? Jordan et al. proposed a three-
terminal heat engine with resonant-tunneling dots and obtained
the maximum power and the corresponding efficiency. *
Sothmann et al. proposed a three-terminal heat engine based
on resonant-tunneling wells and obtained the maximum power
and the corresponding efficiency.’ Choi ef al. analyzed the
performance of a three-terminal heat engine for energy
harvesting and a refrigerator for cooling purpose based on

semiconductor superlattices in which the periodicity of the
superlattice structure creates an energy miniband, and
discussed phonon heat current through the system.® Jiang et al.
studied thermoelectric three-terminal hopping transport
through one-dimensional nano-systems and the near-field
inelastic heat engine in the linear-response regime.”® And Chen
et al. analyzed the thermodynamic performance of an
irreversible energy selective electron heat engine with double
resonances and discussed the impacts of heat leakage and
structure parameters of the electron system on the optimal
performance of the heat engine.” They also make the optimal
analysis for the performance of an irreversible three-electron-
reservoir energy selective electron cooling device with heat
leakage." Su ef al. analyzed the performances of a refrigerator
driven by hot electrons' and Zhang et al. discussed the
thermodynamic characteristics of a model of three-terminal
coupled quantum-dot refrigerator. > Otherwise, Wang et al.
investigated the nonlinear effect of a three-terminal
refrigerator. "
equivalent combined systems of three-heat-source heat pumps
and compared the performance of them with the performance
of two-heat-source heat pumps.'* The relationship between
optimal the coefficient of performance (COP) and heating load
of a three-heat-reservoir endoreversible heat pump with non-

In addition, Chen et al. put forward the
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linear heat transfer was derived.” The optimal thermodynamic
performance of an irreversible three-heat-source heat pump'®
and the thermodynamic analysis for an irreversible heat pump
working on reversed Brayton cycle'” were studied. Su et al. and
Peng et al separately investigated thermodynamic
performance of thermal amplifiers based on ideal resonant-
tunneling filters. "*** Other three-terminal thermoelectric
devices which are driven by phonons, magnons, photons, also
have been analyzed.””

On the basis of the previous works, we propose a
multi-level quantum dot thermal amplifier. The main focus
in this paper is to analyze the thermodynamic performance
characteristics and the optimal performance of a multi-level
quantum dot thermal amplifier. The influence of the main
system parameters, including the energy-level spacing, the
number of energy levels, the total coupling strength, the
asymmetry factor and the heat leakage coefficient on the

performance of the thermal amplifier is discussed in detail.

2. Model Description
The thermal amplifier considered here which consists of three
electron reservoirs connected via two multi-level quantum dots
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is illustrated in Fig. 1. Such thermal amplifier can be designed
for two connective methods, where one is that electrons flow
from the high-temperature reservoir to low-temperature
reservoir, as shown in Fig. 1(a), the other is that electrons flow
from the low-temperature reservoir to high-temperature
reservoir, as shown in Fig. 1(b). The temperatures and the
chemical potentials of three reservoirs satisfy the following
relations: 7, > T, > T, and u,, = u. = ., while the chemical
potential of the reservoir M is determined by the conservation
of the electron flux. (i = H, C) represent the central energy
level of the quantum dot QD,, respectively. The reservoir H (C)
can only exchange electrons with quantum dot QD, ( QD, )
through the energy level ¢, (¢.). The energy level g, is near
the Fermi level of the reservoir H, while the energy level ¢, is
near the Fermi level of the reservoir C. d¢ is the level spacing
between two adjacent energy levels in quantum dots. Here the
position of each energy level in quantum dot (D, is assumed
to be

e

Fig. 1 The schematic diagram of a three-terminal thermal
amplifier based on multi-level quantum dots. The H and C
electronic terminals are connected by electronic conductors.
The positive direction of the electron flux is indicated by the

solid black arrow.

© Engineered Science Publisher LLC 2020

ES Energy Environ., 2020, 7, 40-47 | 41



Research Paper

ES Energy & Environment

where N is the number of discrete energy levels in the
quantum dots. For example, N = 3, the distribution of the
energy levels in the quantum dot is shown in Fig.1.

According to Landauer formula, the electron flux from
the reservoir M and the heat flux from the reservoir i are
given by

9 i
= [T o) o) - ()] o

and

7J’ da e//t [f ) fw(g)] (3)
w) kg T+ 17
distribution of reservoir i, f,, =[exp[(& — py)/kyTy]+ 11"

where f, =[exp[(e& is the Fermi-Dirac
is the Fermi-Dirac distribution of reservoir M, k, is the
Boltzmann constant, & is the Planck constant and 7, (&) is
the effective transmission function of the multi-level
quantum dot QD

T ( Z T (4)

T.x(e)=T7/[I'} +(e - &,,)°] is the Lorentz transmission
function of Nih energy level in quantum dot QD,, T’ is the
coupling strength between the quantum dot ()D, and the
reservoir next to it. We consider the asymmetry coupling
strength, i.e.T', =(1+ @)’ and I', =(1 - a)I', where a is
the asymmetry factor which satisfies the condition —1<a <
1, and I' is the total coupling strength. Utilizing Egs. (2) and
(3), we get the expression of the net heat flux flowing into
M reservoir

. e
O = [ _de(e =) Tu(e) fule) = fule)]
®)
2 e
_Ef,xdg(g — )Ty (&) fule) = fe(e)]

Because there's a temperature difference between the hot

reservoir and the cold reservoir, the heat leakage occurs, i.

e.?

Q'HM = K(TH5 - TMS) (6)

OMC = K(TMS - Tcs) (7)
where k is defined as the heat leakage coefficient. Then, the
COP of the thermal amplifier can be expressed as

QM _ QMM + QHM - QMC
Qu + Qu.w Qu + QIIM

l/f:

2 e .
o dete — )T (o) fule) = fule)]+ O -

where (),, is also called as the heat-pumping rate (HPR). It
is found from Egs. (5) and (8) that the HPR and the COP of
the thermal amplifier are the functions of the central energy
levels £, and &, of two quantum dots, the temperatures 7',
T, and T, the chemical potentials u,, w, and p. of three
electronic reservoirs, the asymmetry factor a, the heat
leakage coefficient «, the total coupling strength I', the
number of energy levels /V and the energy-level spacing .

As a thermal amplifier, the working region can be
obtained by deciding the signs of the four thermodynamic
parameters (), Q,,, O, and i, and they satisfy

0,>0,0,>0,0.<0, 1s¢ <y, ©)
Tew(Tc - Tu) . .
where ¢y, = ———= is a reversible COP of the thermal
TH(T(J - TM)

amplifier.”

3. Results and Discussions

3.1 The Performance Characteristics

By using Eqgs. (3) - (9), one can numerically plot the three-
dimensional (3D) projection graphs of the HPR (), and the
COP ¢ varying with &,

- u. and &, — p, at asymmetric

- iy are
the relative positions of the central energy levels in
quantum dots (D, and (D, It is seen from Fig. 2 that both
HPR and COP increase as the asymmetric factor increases
and there exist the maximum HPR and COP at some

factor a, as shown in Fig. 2, where ¢, — u. and g,

optimal values of &, — u. and &, — u,. And the working
regions of the thermal amplifier increase as the asymmetric
factor increases.
Similarly we can numerically plot the three-
dimensional (3D) projection graphs of the HPR (),, and the
COP ¢ varying with &, —u,. and &, - u, at different
number of energy levels N, as shown in Fig. 3. It is seen
from Fig. 3 that the HPR increases as the number of energy
levels increases while the COP decreases as the number of
energy levels increases. There exist the maximum HPR and
COP at some optimal values of ¢, -ty And
the working regions of the thermal amplifier decrease as the
number of energy levels increases. When the number of

energy levels is large enough, the thermal amplifier loses its

— i and &,

D e .
Zf_wdg(‘g - /-L‘M)Teyf.(:(‘g)[ﬁw(‘g) —fe(e)]= Que

®)

*J’ de(& — py) 4/;1( e) fule) - f:“v[(g)]+Q.Hs11
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role. We also plot the three-dimensional (3D) projection
graphs of the HPR (),, and the COP ¢ varying with &, — u,
and ¢, — u, at different energy-level spacing e, as shown
in Fig. 4. It is seen from Fig. 4 that the HPR increases as the
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Fig. 2 Left: the three-dimensional projection graphs of the HPR (),, versus the relative central

energy levels €, — u. and &, — u, at different asymmetric factor «. Right: the three-
dimensional projection graphs of the COP ¢ versus the relative central energy levels &, — ..
and &, — w, at different asymmetric factor a. Other parameters are givenas N =1, T, =
4K, T, =2K, T, = 1K, T'/k; =0.1K, de/k, =0 Kand « = 0.
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Fig. 3 Left: the three-dimensional projection graphs of the HPR OM versus the relative

central energy levels ¢, — u, and ¢, — u, at different number of energy levels N. Right:

the three-dimensional projection graphs of the COP ¢ versus the relative central energy

levels ¢, — p, and &, — u, at different number of energy levels N. Here de/k, = 0.1K

and a = 0, the other parameters are the same as those used in Fig. 2.

(&) ke (K)

(a) da/kp= 0.1(K)

1114

10.05

8.960

7.870

6.780

5.690

4.600

3.510

2420

e

4 0,/(10%v/s)

(b) 8e/kg= 1(K)

5

1 2 3
(60 ky(K)

7.220

6.658

6.095

553

4970

4.408

3845

3283

2.720
4 0,,(10%v/s)

(84t Kp(K)

(&) Kp(K)

() Be/ky= 0.1(K)

1027

1013

1.000

S

(b) 86/ky= 1(K)

S

(ec=#)/ky(K)

1.046

1.040

1035

1.029

1023

1017

1012

1.006

1.000

Fig. 4 Left: the three-dimensional projection graphs of the HPR (),, versus the relative

central energy levels &, — u. and ¢, — u, at different energy-level spacing d¢. Right:

the three-dimensional projection graphs of the COP i versus the relative central

energy levels &, — u. and ¢, — u, at different energy-level spacing é¢. Here N = 3

and a = 0, the other parameters are the same as those used in Fig. 2.
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Fig. 5 The performance -characteristic curves

between the HPR and the COP at different

asymmetric factor a. The other parameters are the

same as those used in Fig. 2.

Further, we plot the characteristic curves between the
HPR and the COP at different asymmetric factor a, as
shown in Fig. 5. It is found from Fig. 5 that there are the
maximum COP ¢ and the maximum HPR OMM, and they
increase as asymmetric factor increases. The corresponding
HPR Ow at the maximum COP is almost unchanged. The
reasonable optimal region should be in the upper half part
of the curve, i.e. Ow < Q'M < Q'M”m“.

Similarly, we plot the characteristic curves between the
HPR and the COP at different heat leakage coefficient «, as
shown in Fig. 6. It is found from Fig. 6 that there are a
maximum COP ¢, whose corresponding HPR QM_w and a
maximum HPR Oumax. The maximum HPR OM_M increases
as the heat leakage coefficient x increases. While the

maximum COP ¢ . and its corresponding PHR Q‘M_,,,

max

decrease as the heat leakage coefficient x increases.

3.2 The Analysis of Optimal Performance
Using Egs. (5) - (8) and the extremal conditions

aOM GQ.M
=0, =0 (10)
a("fc _/-Lc) a(‘9H _MH)
oY P
=0, =0 (11)
a(gc _/-'Lc) 8(‘919 _MH)

we can obtain the maximum HPR QMM and maximum COP
... as well as the corresponding HPR Q.w/ at the maximum
COP and the corresponding COP g, at the maximum

HPR. The curves of the maximum HPR Q‘, and

maximum COP ¢ versus the number of energy levels N

max

are plotted by numerical calculation, as shown in Fig. 7.

© Engineered Science Publisher LLC 2020
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Fig. 6 The performance characteristic curves
between the HPR and the COP at different heat
leakage coefficient k. The other parameters are the
same as those used in Fig. 2.

And the curves of the maximum HPR Q}, versus the
energy level spacing é¢ are plotted, as shown in Fig. 8. It is
seen from Fig. 7 that Q'Mmm is a monotonically increasing
function of N. When N is small, the maximum HPR Qw
almost increases linearly. The value of (\)w approaches the
saturation at large N because the energy levels far from
Fermi level are not involved in resonant tunneling. While
the maximum COP is a monotonically decreasing function
of N. When N =72, the thermal amplifier almost reaches
the minimum value ¢ = 1. In such a case, the heat flows out
from the reservoir H is equal to the heat flows into the
reservoir M. It is seen from Fig. 8 that the maximum HPR
decreases as the energy level spacing de increases. The
denser discrete energy ievei is, the iarger the HPR is.

Optman(10%V/5)

Vimax

Fig. 7 The maximum HPR OMM and maximum COP ¢
versus the number of energy levels N, where a =0 and
oelk, = 0.1K. The other parameters are the same as those
used in Fig. 2.
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Fig. 8 The maximum HPR OM’W versus the energy level
spacing d¢, whereN = 3 and a = 0. The other parameters are
the same as those used in Fig. 2.

Similarly the curves of the maximum HPR Q'M_max and the
maximum COP ¢ versus the asymmetric factor a are plotted
at different heat leakage coefficient « as shown in Fig. 9 and
Fig. 10. It is found from Fig. 9 that the maximum HPR Q,,
firstly increases then decreases as the asymmetric factor
increases and reaches its maximum value at a = 0.53.
Moreover, the maximum HPR Qw increases as the heat
leakage coefficient increase, But the corresponding asymmetric
factor at the maximum value of Qw slightly decreases with
the heat leakage coefficient. In Fig. 10, the maximum COP
... firstly increases then decreases as the asymmetric factor
increases and reaches its maximum value at a = 0.4. The
maximum value of ¢ . and its corresponding asymmetric
factor decrease with the increase of k. Thus, in order to obtain
the optimal performance of the thermal amplifier, including
both larger HPR and COP, the asymmetric factor should be set
in the region 0.4 < a < 0.53.
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Fig. 9 The curves of the maximum HPR Q'MM versus the
asymmetric factor a at different heat leakage coefficient «.
The other parameters are the same as those used in Fig. 2.
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Fig. 10 The curves of the maximum COP ¢ versus the
asymmetric factor « at different heat leakage coefficient «.
The other parameters are the same as those used in Fig. 2.

4. Conclusions

In this paper, we have proposed the three-terminal multi-
level quantum dot thermal amplifier with the heat leakage.
The influence of the energy-level spacing, the number of
energy levels, the total coupling strength, the asymmetry
factor and the heat leakage coefficient on the optimal
performance parameters has been analyzed in detail. It is
concluded that: (a) Choosing an appropriate value of the
asymmetric factor can enhance the heat-pumping rate and
the coefficient of performance; (b) The addition of the heat
leakage can increase the heat-pumping rate, while decrease
the coefficient of performance; (c) The denser discrete
energy levels in a quantum dot can produce a greater heat-
pumping rate. These results obtained here may provide
some theoretical guidance for the optimal design and
operation of practical thermal amplifiers and promote the
applications of some heat
thermoelectric field.
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